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Motivation remarks



Theory Experiment

Numerical 
simulations

     Numerical algorithms  (used as Tensor Networks) 

❖  MPS  Matrix Product States 
❖  PEPS Projected-Entangled Pair States 
❖  DMRG Density Matrix Renormalization Group 
❖  TEBD Time Evolving Block Decimation  
❖  HOTRG Higher-Order Tensor Renormalization Group  
❖  TPVF Tensor Product Variational Formulation 
❖  MERA Multi-scale Entanglement Renormalization Ansatz 
❖  CTMRG Corner Transfer Matrix Renormalization Group
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Quantum mechanics 
Introduction to numerics
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Schrödinger equation  
(for a single particle in 3D)
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∇2 + 𝑉(→𝑟 , 𝑡)] |Ψ(→𝑟 , 𝑡)⟩
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Time-independent Schrödinger equation 
(for N particles in 1D)
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Entanglement entropy for a quantum spin system =𝐒 −𝐓𝐫(𝛒′ 𝐥𝐨𝐠𝟐𝛒′ )

maximally entangled state

S(N ) = c ln N
(at h = hc)



Decay of the singular values (Schmidt coefficients) 𝒅𝛏

S = − Tr (ρ′ A log2 ρ′ A)
= − ∑

ξ

d2
ξ log2 d2

ξ



Decay of the singular values (Schmidt coefficients) 𝒅𝛏

dξ ≈ e−c1ξ

dξ ≈ e−c2ξ

S = − Tr (ρ′ A log2 ρ′ A)
= − ∑

ξ

d2
ξ log2 d2

ξ



Decay of the singular values (Schmidt coefficients) 𝒅𝛏

dξ ≈
1
ξ

dξ ≈ e−c1ξ

dξ ≈ e−c2ξ

S = − Tr (ρ′ A log2 ρ′ A)
= − ∑

ξ

d2
ξ log2 d2

ξ



Decay of the singular values (Schmidt coefficients) 𝒅𝛏

dξ ≈
1
ξ

dξ ≈ e−c1ξ

dξ ≈ e−c2ξ

S = − Tr (ρ′ A log2 ρ′ A)
= − ∑

ξ

d2
ξ log2 d2

ξ

S(N ) ∼ ln N



T

Comparison between the thermodynamic entropy and entanglement entropy 



Matrix Product State 
SVD and Entanglement



Tensor Network is a Tensor Product State 
(and it‘s like playing a Tetris game...)



1D state

2D state

For open/fixed 
boundary conditions

For periodic 
boundary conditions 

(it is a torus!)

|𝜙⟩

|𝜙⟩

Tensor Network is a Tensor Product State



Tensor Network is a Tensor Product State

(imaginary) time evolution

If studying quantum 
(topological) phases



Tensor Network is a Tensor Product State 
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Tensor Network is a Tensor Product State 

∑
j
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∑
i

AiBi = ⟨A |B⟩ = D

∑
ijklmnr
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∑
ikmn

AikjlBipmCqmknElnr = Djpqr



Tensor Network is a Tensor Product State 

∑
j

AijBjk = Dik

∑
i

AiBi = ⟨A |B⟩ = D

∑
ijklmnr

AijklBijmCkmnrElknr = D

∑
ikmn

AikjlBipmCqmknElnr = Djpqr
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Tensor Network is a Tensor Product State 

∑
j

AijBjk = Dik

∑
i

AiBi = ⟨A |B⟩ = D

∑
ijklmnr

AijklBijmCkmnrElknr = D

∑
ikmn

AikjlBipmCqmknElnr = Djpqr

∑
ijklmn

AijBjkCklElmFmnGni = Tr (ABCEFG) = D

B

CF

E

G

A



Tensor Network is a Tensor Product State 

∑
j

AijBjk = Dik

∑
i

AiBi = ⟨A |B⟩ = D

∑
ijklmnr

AijklBijmCkmnrElknr = D

∑
ikmn

AikjlBipmCqmknElnr = Djpqr

∑
ijklmn

AijBjkCklElmFmnGni = Tr (ABCEFG) = D

B

CF

E

G

A



For more details, read the outstanding review 
by Román Orús



Thank you



Matrix diagonalization Singular value decomposition 
(Schmidt decomposition) 

M is a rectangular matrix (𝑛 × 𝑚)
𝑀 = 𝑈𝐷𝑈−1

𝑀 = 𝑈𝐷𝑈+ (if Hermitian)

𝑈+𝑈 = 𝕀

𝑀 = 𝑈𝐷𝑉 +

𝑈+𝑈 = 𝑉 +𝑉 = 𝕀

 M a square matrix (𝑛 × 𝑛)



Decomposing a vector       into the product of two matrices A and B

  is a matrix 
,  

𝜓𝑖𝑗 (𝑛 × 𝑚)
𝑖 = 0,1, 2,…, 2𝑛 𝑗 = 0,1, 2,…, 2𝑚

|𝜓⟩

= = |𝜓⟩ ∑
𝑖𝑗

𝜓𝑖𝑗 | 𝑖𝑗⟩ ∑
𝑖𝑗

∑
𝜉

𝐴𝑖𝜉𝐵𝜉𝑗 | 𝑖𝑗⟩ = ∑
𝑖𝑗

∑
𝜉𝜉′ 

𝑈𝑖𝜉𝐷𝜉𝜉′ 𝑉 +
𝜉′ 𝑗 | 𝑖𝑗⟩SVD

𝜓𝑖𝑗

=  𝐴𝑖𝜉 𝑈𝑖𝜉 𝐷𝜉𝜉

 𝐵𝜉𝑗 = 𝐷𝜉𝜉𝑉 +
𝜉′ 𝑗 𝐷𝜉𝜉 

i j   is a matrix  
  is a matrix  
𝐴𝑖𝜉 (𝑛 × 𝑘)
𝐵𝜉𝑗 (𝑘 × 𝑚)

𝑘 = min(𝑛, 𝑚)



`)".',0$*d0,'3*E3(%15%+)#)%"*<`(41)&#*&3(%15%+)#)%"= 

%9*0* *$3(#0".',0$*10#$);* **)+*#43*9%,,%:)".*&3(%15%+)#)%"C 

**** *

**)+*0*'")#0$8* *+/'0$3*10#$); 
**)+*0*&)0.%"0,* *$3(#0".',0$*10#$);*<:)#4*"%"2"3.0#)-3*$30,*"'163$+= 
**)+*0*'")#0$8* *+/'0$3*10#$);*< *)+*(%"e'.0#3*#$0"+5%+3*%9 = 

*

Y%:*#%*&3(%15%+3*0*-3(#%$* *<)S3S*#%*53$9%$1*`(41)&#*&3(%15%+)#)%"=*

%"#%*#43*5$%&'(#*%9*#:%*10#$)(3+*ξH*0"&*ξQf 

** * *********************************ξH***********************ξQ**

*****************************************************b 

G"0,8#)(0,,8C 

𝒎 × 𝒏 𝑴

𝑴  =  𝑼 𝑺 𝑽 + 

𝑼 𝒎 × 𝒎
𝑺 𝒎 × 𝒏
𝑽 𝒏 × 𝒏 𝑽 +   𝑽
𝑼 +𝑼  = 𝑽 +𝑽  =  𝕀

|𝝍𝟎⟩
|𝝍𝟎⟩



=



More details on singular value decomposition in 1D chain of 6 spins



Decay of the singular values (Schmidt coefficients)

𝑆 ∝ {𝑐𝑜𝑛𝑠𝑡,     h ≠ h𝑐

log2𝑁,   h = h𝑐

𝒅𝛏











Tensor Network is a Tensor Product State 
(and it‘s like playing a Tetris game...)

2D Tensor Network 
for 

Corner Transfer Matrix 
Renormalization Group

reduced 
density 
matrix

reduced 
density 
matrix



L3&'(3&*&3"+)#8*10#$); 

*****D3#*'+*+#0$#*68*9)"&)".*+53(#$'1*%9*3"3$.)3+* 0"&*#43*(%$$3+5%"&)". 
*****3).3"+#0#3+* *%9*0*.)-3"*Y01),#%")0"*<#40#*)+*4%:*#43*gI*:%$A+= 

      

❖ L3&'(3&*&3"+)#8*10#$);*)"*0*5'$3*+#0#3***** *

❖ L3&'(3&*&3"+)#8*10#$);*)"*0*1);3&*+#0#3**

*

➢ h40#*)+*#43*$3&'(3&*&3"+)#8*10#$);*#85)(0,,8*.%%&*9%$f 
✓ ?%*%6#0)"*3;53(#0#)%"*<130"=*-0,'3+*%9*%53$0#%$+** *
✓ g'0"#'1*3"#0".,313"#*-%"*]3'10""*3"#$%58*

*

𝑬𝒏 
|𝝍𝒏⟩

𝑯 |𝝍𝒏⟩ = 𝑬𝒏 |𝝍𝒏⟩

𝝆′ = 𝑻𝒓𝒆𝒏𝒗( |𝝍𝟎⟩⟨𝝍𝟎 |)

𝝆′ ′ = 𝑻𝒓𝒆𝒏𝒗 ∑
𝒋

𝒄𝒋 |𝝍𝒋⟩⟨𝝍𝒋 |

⟨𝑨𝒔⟩ = 𝑻𝒓𝒔(𝑨𝒔𝝆′ )
 𝑺 = − 𝑻𝒓(𝝆′  𝐥𝐨𝐠𝟐(𝝆′ ))

sys
env



!"9%$10#)%"*)"+)&3*#43*$3&'(3&*&3"+)#8*10#$); 

?43*$3&'(3&*&3"+)#8*10#$);*(%15,3#3,8*&3+($)63+*0*+'6+8+#31*<)"*(%"#0(#*:)#4*3"-)$%"13"#=S* 

i$%53$#)3+*%9*#43*3"#0".,313"#*3"#$%58C 

*

!9*#43*$3&'(3&*&3"+)#8*10#$);*)+*&)0.%"0,)F3&* @ 

#43*3).3"-0,'3+*+%$#3&*)"*&3+(3"&)".*%$&3$*0$3C** *

✓ ]%*3"#0".,313"#C****
✓ h30A*3"#0".,313"#C***** *
✓ `#$%".*3"#0".,313"#C

𝑺 = − 𝑻𝒓𝒔(𝝆′ 𝒔 𝐥𝐨𝐠𝟐𝝆′ 𝒔) ≥ 𝟎

    𝑼+𝝆′ 
𝒔 𝑼 = 𝛀

  𝝎𝟏   ≥ 𝝎𝟐   ≥ 𝝎𝟑  ≥  …  ≥ 𝝎𝑵 

      𝝎𝟏 = 𝟏,   𝝎𝒋  =  𝟎,    ∀ 𝒋  > 𝟏
𝝎𝒋 ∝ 𝐞 𝐱 𝐩( − 𝜷𝒋 )

    𝝎𝒋  ∝ 𝒋−𝜶




