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Introduction and brief outline

Quantum computer is a computational device, which makes direct

use of quantum-mechanical phenomena such as quantum

superposition and quantum entanglement, to perform logical

operations with data.

- What is quantum entanglement?

- How to characterize, define and quantify entanglement?

- How entanglement can be detected theoretically and experimentally?

- Entanglement between spins in magnetic systems…
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Quantum entanglement: historical perspectives

Principle of locality: measurement performed

on one physical system should have no

instantaneous effect upon another spatially

separated physical system, because an influence

cannot travel faster than the speed of light.

measurements on spatially

separated quantum systems

instantaneously influence

one another (Einstein’s

spooky action at distance).
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Due to probabilistic character of QM, the experiment has to be

repeated many times with an ensemble of copies of the same

systems. When repeating experiment it might be difficult (or

even impossible) to prepare the system in exactly the same

state (or prepare perfectly identical copies), so that there is

some uncertainty on the initial state.

Suppose that our information regarding the system is not

complete. Let us associate the concept of state of a system

with an ensemble of similarly prepared systems, which could

have been prepared in principle but do not need to exist.

ො𝜌 - density operator or state operator or density matrix 

if a system can be described by a state vector ۧȁ𝜑 and state operator ො𝜌 = ۧȁ𝜑 𝜑ȁۦ
if a system cannot be described by a state vector ۧȁ𝜑 and state operator ො𝜌 = ۧȁ𝜑 𝜑ȁۦ
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ො𝜌 =෍
𝑘
𝑝𝑘ȁ ۧ𝜑𝑘 𝜑𝑘ȁۦ



Two pure states for a couple of spin-1/2 particles:
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Two pure states for a couple of spin-1/2 particles:
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A pure state is separable (entangled) if and only if it can (cannot) be factorized         

into a product of two pure states of both subsystems

A mixed state is entangled if it cannot be written as mixture of factorizable pure states 
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The entropy of subsystem may be greater than the entropy of total system

(𝑆1>𝑆12) if and only if the system is entangled (classically forbidden).

Entanglement of formation (Bennett, DiVincenzo) of a pure state 𝜑12 of bipartite

quantum system is defined as von Neumann entropy of either member of the pair:

Schmidt decomposition:

𝐸(𝜑12) = −Tr ො𝜌1 log2 ො𝜌1 = − Tr ො𝜌2 log2 ො𝜌2
ො𝜌1 = Tr2 ො𝜌12 = Tr2 ȁ ۧ𝜑12 𝜑12ȁۦ
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ො𝜌2 = Tr1 ො𝜌12 = Tr1 ȁ ۧ𝜑12 𝜑12ȁۦ

𝐸(𝜑12) = 𝑆 ො𝜌1 = −Tr ො𝜌1 log2 ො𝜌1 = −෍

𝑘

𝑎𝑘
2 log2 𝑎𝑘

2 = −෍

𝑘

𝑝𝑘 log2 𝑝𝑘



Entanglement of formation of a pure state 𝜑 of a bipartite quantum system is

then defined as von Neumann entropy of either member of the pair:

Consider all possible pure-state decompositions of density matrix ρ of a pair of

quantum systems numbered as 1 and 2, i.e. all ensembles of states ȁ ۧ𝜑𝑘 with

probabilities 𝑝𝑘 such that

Entanglement of formation of a mixed state ρ of a bipartite quantum system is

defined as the average entanglement of the pure states of the optimal

decomposition minimized over all decompositions of ρ

𝐸 𝜑 = −Tr ො𝜌1 log2 ො𝜌1 = − Tr ො𝜌2 log2 ො𝜌2

ො𝜌 =෍
𝑘
𝑝𝑘ȁ ۧ𝜑𝑘 𝜑𝑘ȁۦ

ො𝜌1 = Tr2 ො𝜌

𝐸 𝜌 = min෍
𝑘
𝑝𝑘𝐸(𝜑𝑘)

ො𝜌2 = Tr1 ො𝜌
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A. Pure states: - spin-flip transformation for a single spin in a pure state:

ȁ ۧ෤𝜑 = ො𝜎𝑦 ȁ𝜑ۧ∗

B. Mixed states: - spin-flip transformation for a spin pair in a mixed state:

- spin-flip transformation for a spin pair in a pure state:

ȁ ۧ෤𝜑 = ො𝜎𝑦  ො𝜎𝑦 ȁ𝜑ۧ∗

෤𝜌 = ( ො𝜎𝑦  ො𝜎𝑦 ) ො𝜌∗( ො𝜎𝑦  ො𝜎𝑦 )
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A. Pure states: the most general pure state for a couple of spin-1/2 particles:

ȁ ۧ𝜑 = 𝑎ȁ ۧ↑ 1ȁ ۧ↑ 2 + 𝑏ȁ ۧ↑ 1ȁ ۧ↓ 2 + 𝑐ȁ ۧ↓ 1ȁ ۧ↑ 2 +𝑑ȁ ۧ↓ 1ȁ ۧ↓ 2

0 ≤ C ≤ 1
C = 1: fully entangled

ȁ ۧ𝜑4 =
1

2
(ȁ ۧ↑ 1ȁ ۧ↑ 2 + ȁ ۧ↓ 1ȁ ۧ↓ 2)

ȁ ۧ𝜑3 =
1

2
(ȁ ۧ↑ 1ȁ ۧ↑ 2 − ȁ ۧ↓ 1ȁ ۧ↓ 2)ȁ ۧ𝜑1 =

1

2
(ȁ ۧ↑ 1ȁ ۧ↓ 2 − ȁ ۧ↓ 1ȁ ۧ↑ 2)

ȁ ۧ𝜑2 =
1

2
(ȁ ۧ↑ 1ȁ ۧ↓ 2 + ȁ ۧ↓ 1ȁ ۧ↑ 2)

B. Mixed states: the most general mixed states for a couple of spin-1/2 particles:

ො𝜌 = 𝑎ȁ ۧ↑ 1ȁ ۧ↑ ȁ2↑ۦȁ1↑ۦ2 + 𝑏ȁ ۧ↑ 1ȁ ۧ↓ ȁ2↓ۦȁ1↑ۦ2 + 𝑐ȁ ۧ↓ 1ȁ ۧ↑ ȁ2↑ۦȁ1↓ۦ2 + 𝑑ȁ ۧ↓ 1ȁ ۧ↓ ȁ2↓ۦȁ1↓ۦ2

C = 2 |bc - ad| C = 0: separable

ො𝜌 = 𝑎ȁ ۧ𝜑1 ൻ𝜑1ȁ + 𝑏ȁ ۧ𝜑2 ൻ𝜑2ȁ + 𝑐ȁ ۧ𝜑3 ൻ𝜑3ȁ + 𝑑ȁ ۧ𝜑4 ൻ𝜑4ȁ
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Spin-1/2 Heisenberg dimer: 13/25



Spin-1/2 Heisenberg dimer:

ෝ𝜌 =
σ𝑖=0
3 exp −𝛽𝐸𝑖 ȁ ۧ𝜑𝑖 𝜑𝑖ȁۦ

σ𝑖=0
3 exp(−𝛽𝐸𝑖)
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Spin-1/2 Heisenberg dimer:

𝑇𝑠𝑑 =
𝐽

𝑘𝐵 ln 3𝐶 = max ( exp 𝛽𝐽 −3

exp 𝛽𝐽 +1+2 cosh(𝛽ℎ)
, 0)
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Spin-1/2 Heisenberg antiferromagnetic dimer:

𝑇𝑠𝑑 =
𝐽

𝑘𝐵 ln 3
𝐶 = max ( exp 𝛽𝐽 −3

exp 𝛽𝐽 +1+2 cosh(𝛽ℎ)
, 0)
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Spin-1/2 Heisenberg dimer:
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Spin-1/2 Heisenberg dimer: experimental perspective
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Spin-1/2 Heisenberg dimer: theory vs. experiment

19/25



Spin-1/2 Heisenberg dimer: theory vs. experiment 20/25
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1. zero field: susceptibility, specific heat   
2. non-zero field: plus magnetization
3. local probes (INS, NMR) 

Quantum entanglement between spins in magnetic systems

- Beyond small spin clusters and chains ???

- itinerant magnetism - fermionic entanglement ???

- multipartite entanglement ???

- technological applications ??? 
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