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Introduction and brief outline

Quantum computer Is a computational device, which makes direct
use of quantum-mechanical phenomena such as quantum
superposition and quantum entanglement, to perform logical
operations with data.

What is quantum entanglement?

How to characterize, define and quantify entanglement?

How entanglement can be detected theoretically and experimentally?

Entanglement between spins in magnetic systems. ..



Quantum entanglement: historical perspectives 32

Ems¢@m=IP®dl@ﬂsky=IR@s@m (EPR) paradox (Bohm versiomn)

r Principle of locality: measurement performed
I 7 on one physical system should have no
Instantaneous effect upon another spatially
separated physical system, because an influence
cannot travel faster than the speed of light.

_ before meglsurement: ) entangled singlet
e TC =
‘-I—W/‘-/\/W'z’ 1S) =5(W>1N>g—|¢>m>z)
after measurement: collanse - reduction IEImftaImg[l@mmeIm(tg
e T e’ P measurements on spatially
){Q’\/\—/\/‘./\/’\/\’L‘{ D) =[Tll)e separated quantum systems
S Instantaneously  influence
e T e’ one another (Einstein’s

2{«\/\/\/1. /\/\/\»,‘27’ 1) = [ 1)1 1)2 spooky action at distance).



Due to probabilistic character of QM, the experiment has to be n

repeated many times with an ensemble of copies of the same “/) > — Z Cj ‘@})

systems. When repeating experiment it might be difficult (or J=1

even impossible) to prepare the system in exactly the same A‘¢> — A\gb)
L : : ] VAR

state (or prepare perfectly identical copies), so that there is

some uncertainty on the initial state. f

P
o), lal® Al
Suppose that our information regarding the system is not : : :
complete. Let us associate the concept of state of a system
with an ensemble of similarly prepared systems, which could
have been prepared in principle but do not need to exist.

Alpy = ¢ o). legl”s A,

(b-n-> ) | C'T?,- ‘ - ) A-n

(A) = (U] A|D) — (A) = Tr(pA) \

p = z D | @ X0k | p - density operator or state operator or density matrix
k

If a system can be described by a state vector |¢) and state operator p = |@){¢|
If a system cannot be described by a state vector |¢) and state operator p = [@){¢|



Quantum superposition versus quantum entanglememnt
or what entaglement is and what is not...

Two pure states for a couple of spin-1/2 particles:

F) = 2 (Dl = [Dalh)2 = [0 D2 + 111 4)2)

1
19) = 75 Il = [nl 1))
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Quantum superposition versus quantum entanglememnt

Or W

hat entaglement is and what is not...

Two pure states for a couple of spin-1/2 particles:
1(|T> 12 = 1182 = |1 D2 + [ 1] 1)
1

T (I =) @ Vo) (12— [4)2)

separable — quantum superpositiom

15) =

1
\/5(|T>1|v>2 — [
# (alT)1+0[)1) @ (c

/\.>2)
T2+ d|1)2)

monseparable — quantum entanglememnt
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Quantum entanglement: key features & definition 7/25
- nonlocality

- nonseparability

A pure state Is separable (entangled) if and only if it can (cannet) be factorized
Into a product of two pure states of both subsystems

U >=wely>  1WpeH, =¥, ek,

A mixed state is entangled if it cannot be written as mixture of factorizable pure states
A A VA
§=2ru(I070IKANBRH) §=Zr§losy

check for separability - Schmidt decomposition

dl dz

Wio) =3 3 cijlol) @ [¢3) v < min{dy, do}
i=1 =1

r

[W1a) =3~ ailvy) @ [¥5) a; = /pi >0
1=1




Bipartite quantum entanglement — pure states
The entropy of subsystem may be greater than the entropy of total system
(S;>S,,) If and only if the system is entangled (classically forbidden).

Entanglement of formation (Bennett, DiVincenzo) of a pure state ¢, of bipartite
guantum system Is defined as von Neumann entropy of either member of the pair:

E(p12) = —Tr pylog, py = —Trpylogy p, 1 = Tr2 P2 = Tr2 1012) (0, |

Pz =Try P12 = Try |@q2) <€012|
Schmidt decomposition'-

(11

D Z cilo)|od) < min{dy,do} P12 = |p12){(d12| = Z Z a;a;| o)) o) (d]{()

i—1 j— =1 =
'S r [} - -
|b19) = 37 a;| @) |db) a; = pi >0 p1="Trapia = Tra|dra) (d12] = > aj|én) (o]
1=1 k=1

E(p12) =S(p1) =-Trp,log, p1 = — 2 alzc log, alzc = = Z Py log, pi
k k 8/25



Entanglement of formation of a pure state ¢ of a bipartite quantum system Is
then defined as von Neumann entropy of either member of the pair:

~ ~ ~ ~ pr =Try p
E(p) = —Tr pylog, p1 = — Tr p; log; p, 5

p2 =Try p
Consider all possible pure-state decompositions of density matrix p of a pair of

quantum systems numbered as 1 and 2, i.e. all ensembles of states |¢@;) with
probabilities p;, such that

p =), Puloeid

Entanglement of formation of a mixed state p of a bipartite quantum system Is
defined as the average entanglement of the pure states of the optimal
decomposition minimized over all decompositions of p

E(p) = min ) piE(910)



Bipartite quantum entanglement - measures
A. Pure states: - spin-flip transformation for a single spin in a pure state:
@) =367 |g)’
- spin-flip transformation for a spin pair in a pure state:
@) =6V ® 67 |p)’
Emntanglement of formation
E() = E(C()) £(C) 1—|—v’1—C21L l+V1I—-C? 1—V1-C? 1 —V1-C?
] ’ - og 9 : — .

5 log, 5

= ol = ol

Concurremce  C(v) = (¥},
B. Mixed states: - spin-flip transformation for a spin pair in a mixed state:
p=(67®35")p (07 ®357)

C':ma};:{\/)\il—\//\i_—\/)\i—\/gﬁo} R = /5(5-y ®5-y)/6*(5-y ®0A-y)
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o o 11/25
Bipartite quantum entanglement - measures /

A.. Pure states: the most general pure state for a couple of spin-1/2 particles:
@) = a|T) [Tz + b|T) [z + c[I)1[T)z +d )1 [1);

Comcurremce: C=2|bc-ad] 0<C<1 gf g ?e:olarable o
Bell states (C=1)s = LI Tully entangle
1 1
1) = ﬁ(”)ﬂi)z — [1)117)2) lp3) = \/—E(ITMIT)z — [{)114)2)
1 1
lp2) = \/_§(|T>1|i>z + [1)111)2) |4) = ﬁ(”h”)z + [1)1[4)2)

B. Mixed states: the most general mixed states for a couple of spin-1/2 particles:
p = a|T)1|D)2(T11(Tl2 + b[T)1[)2{T[1 {2 + [ [T 2 (L 1(T]2 + d[I)1[4)2 (1 (L2
p = alei) (@1] + blz) (02| +cles) (@3] + dl@s) (sl

C = 111;1}{{\/)\71— \/)T.— \/)T— \/Eﬁ 0} R = 15(5-y 0 5.y)ﬁ* (OA-y & OA-y)



Quantum statistical mechamnics — canomnical emsemble

exp(—,ﬁﬁ)

density operator 5 = — exp(—BH) = 4 3 =1/(kgT
ty op p= = exp(=FH) Trexp(—37) f=1/(ksT)
statistical mean values (A) = Tr(pA)
cONCUITence

C=max{vA —VAd = VA= VA0 R = p(6Y ®6Y)p" (6" ® 6Y)

enfanglement of formation
, 1+V1-C? 1+vV1-0C2 1—+1-C2 1 —+1—C?
E(C) = — log, - log,
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Spin-1/2 Heisenberg dimer: 1 i = exp(—5H) - 13/25
p=7 =  Trexp(—3H) o E
- Hamilionhian and fis mearirix
(MY QLRI GHERD G (f-h 0 0 0 )
o) - (MPAHITY) (LRI (I IR | | 0 =1 5 0
ALY LA AHID ALY 0 5 -1 0
\OPIHIDY GUHIDY GHHIDY GHHIY )\ 00 00 0 f+h )
= Pauli spin operators and basis N ) A\ (o
11 = ; |1l) = ,
e 1[01 w 1[0 =i L. 110 \0/1(0 , (0 AL/,
b“_?(lu)j' Sj_i(f; ﬂ)j‘ 53._5('} —1)3' NEAWER NEARK
|m>\1/l o) =1 1)

= coneumrence (Woollers, 1998):
¢ =max{y/A1 — VA2 — VA3 — /Ay, 0} R = p(6Y®6")p"(6Y @ 6Y)




Spin-1/2 Heisenberg dimer:

- Hamilionian and fis mairix form: (2 0 0o 0 )
~ A A ~ A _J J .
H=JS-So—h(S;+55 | © 5 =1/(kpT)
0 s =2 0
\ 0 0 0 f+4h )
- Energy specirum and eigenveciors: - Speciral decomipeosiiion:
3 1 .
o — = - . —
0 1 1 |%0) ﬂuw [41)) P %e}{p(—,@?{) _ TeXp( _.6?%
Ei=2J—=h o) =11 rexp(=iH)
1 1
Ey=-J = -
By=J+h  lon) = 1) Yi=0 exp(~BE;)
- concumrence (Wootters, 1998):
€ = max{y/A — Vs — Vs — VA, 0} R = p(6" @ 6¥)p (6" @ 6V)
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Spin-1/2 Heisenberg dimer: 1 exp(—H)

)= — exp(—fH) = 8 B =1/(kgd
=7 xXp(=IH) Trexp(—FH) | /ke )
- concurence (Wootters, 1998):
C = max{y/A1 = VA2 = Vs = VA4, 0} R = p(¢¥ @ 6")p* (6" @ ¢¥)
- densily mairix and eigenvalues of R:
. 1 ,
P= 2[1 4+ €77 + 2 cosh(Bh)] \ e/
(2e50 0 0 ) " 4 e + 2 cosh(Bh)
9 0 1+€° 1-¢% 0 1 -
0 1—-e" 1+ 0 A2=A3=)\4:[ — ]
L0 0 0 2eh 1 + e/ + 2 cosh(/5h)

- Concumrenece and ihresheld (sudden-dedlh) iemperaiuvre:

exp(fJ)—3 T — ]
exp(BJ)+1+2 cosh(Bh)’ O) sd kgln3

C = max (
15/25



Spin-1/2 Heisenberg antiferromagnetic dimer:
- concumrence and fhreshold (sudden-deaih) iemperature:

—_ EXp(ﬁ])—B T — ]

(= max (exp(,B])+1+2 cosh(Bh)’ O) sd kg In 3

1.0 n/J=0 A full enfanglement at
—h/J=05 zero femperature due fo
0.8 —h/J=09 - singlet ground state
@) - —h/J=0.99; .
0.6 ———h/J=10 - 1S) =ﬁ<w>1u>g—u>1w>z>
o n/J=11 ]
| NiJ= LS - Enfanglement is suppressed by

0.2 o = 0.9k, a magheiie field, but a fhreshold

_ \ | iemperdaivre does not depend
0.0 e s on @ magneiie field!

k. T/J | | .



Spin-1/2 Heisenberg dimer: o — exp(—fH)

= exp(— )
= — exXpl—/ = ~
A Trexp(—5H)

B =1/(ksT)

- concumrence (Woofers, 1998):
C=max{vh — VA= Vs —VAL0}  R=p(6Y @675 (60 @ 6Y)

- densiiy mairix in @ mairix represeniatiomn:

1 - -
M. = —={(57 + 57
/uy 0 0 0 u, =1 +M,+q, %< [+ 57)
. 0 Vi £ 0 . 55, = = A;:_S\r;:
P = 0 > 8 0 . 'L"'i :%ifsz—qzz z 25252 1>

\ 0 0 0 u_ Z= 2qxx; e <i A?

Qra = < 1 1>

- coneumrence in ferms of local ebservables (Amico, 2004):

)
1 &
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Spin-1/2 Heisenberg dimer: experimental perspective 18/23

EPL, 113 (2016) 40004 www.epljournal.org

doi: 10.1209/0295-5075/113/40004 E@UZ«H@M«M@HWD@MW@M

Carboxylate-based molecular magnet: One path toward achieving
stable quantum correlations at room temperature

C. Cruz!'®_ D. O. Soares-PiNTO?, P. BRANDAO?, A. M. pos SanTos? and M. S. REis!
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Spin-1/2 Heisenberg dimer: theory vs. experiment

- zero-field suscepfibility: [Cu2(HCOO)4(HCOOH)2(piperazine)]
(T%ZQNHMBF' 1 1ﬁf”““l;;g:““mmmmmijii:rr“"
X kel 3+ e J/ksT ; cure con e
- fluctuation-dissipatiion theorem: 3 /
N kBT . 1 gﬂ 1=-748.5 K.k,
¢(T) = QN(QM_B)QMT) vl 3
- concumrence (general): =
1 5 m"—:
C2ma,}<;{0,2qm|\/(4 +qzz) — M2 . Z

- concurence (zero field): Temperature (K)
C' = 2max {3‘(1‘_30} Qrx = 422 = (

- enfanglement of formation:

VI+aCp) , \1+0C(p)
Ep) =- 2 > [n > ;
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Spin-1/2 Heisenberg dimer: theory vs. experiment 20/25
[Cu2(HCOO)4(HCOOH)2(piperazine))]

= Zero-field suscepfibiliiy:
(T) = 2N (gpp)* 1 10° 44

kT 3+ e J/ksT

= fluetvation-dissipeation theorenn:

0T) = (D)

4
= concurrence (general):

2 ] !
1 .
C= Qmax{[), 2|qzz| — \/(4 —l—qzz) — M? } ':. 1"*\_\‘ "\
' '\-__‘l‘ =

200

150
Temperature( K)

Correlations

Entropic discord ; \
- - —--Geometric discord | Y
= CONCUITence® ((@ ﬂ@ﬂd»: | Entanglement of Formation ‘-kx
10 — T —— T —————
1 a 4
Ozzmax{Sq ——:0} (ox = Qo= = q 10° 10 10
=5 Temperature(K)
- enfanglement of formeafion:
V1+aCp)  V1+0C(p) knT 1
Exp)=— 2, In ., = sudden-death femperaiure ~>~°% — _—_ ~ 0.910239 ..

= 2 J| In3



Magnetization process, bipartite entanglement, and enhanced magnetocaloric effect of the exactly
solved spin-1/2 Ising-Heisenberg tetrahedral chain 21/25

Jozef Strecka,"” Onofre Rf:njas,2 Taras Verkhcn]}rak,j and Marcelo L. Lj,rr.a4 PHYSICAL REVIEW E 89, 022143 (2014)
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Thermal entanglement in a spin-1/2 Ising-XYZ distorted
diamond chain with the second-neighbor interaction
between nodal Ising spins Physica A 486 (2017) 367-377

Onofre Rojas?, M. Rojas ?, S.M. de Souza?, ]. Torrico >, J. Strecka ¢, M.L. Lyra®

Biparitie entanglement in azurtie
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Fig. 7. (Color online) (a) The temperature dependence of the concurrence for several values of the magnetic field B and the coupling constants [ /ky =

:/ks = 33K, Ji/kg = 15.5K, 2 /kg = 6.9K, Jo/ks = 4.6 K, y = 0,2 = 2.06 relevant to the azurite; (b) the threshold temperature as a function of magnetic
field B for the coupling constants relevant to the azurite. 22/25



Entangled state teleportation through a couple Pin
of quantum channels composed of XXZ dimers
in an Ising-XXZ diamond chain Annals of Physics 377 (2017) 506

M. Rojas **, S.M. de Souza?, Onofre Rojas®"
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Other measures of bipartite entanglememt
o1 o _exp(=fH)
—_— — 6 H — ~

=7z xp(=FH) Trexp(—FH)

B=1/(ksT)

= concurence (Wooffters, 1998):
C=max{y A =V = VA = VA, 0} R = p(6¥ ®6%)p" (6% @ 6Y)

- @enfanglement of formation (Woofters, 1998):
£(C) = 1 ++1—C? 1+V1—-C?2 1—-—+1-C2 1 —+1-—C?
N = — 5 ‘ — ‘ -

log,

(Peres, 1996):
N= D\, (ml(ule B[ vy = (m|(v|e 4 5ln)|w)

A<<0

-/von Neumann enirepy (Schumacher, 1995):
S(A|B) = S(pap) — S(pa), S(p) = —Trplog, p

= fidelity (Richard, 1994)s F = Tri/5(D)p(T + 07)

-Clauser-Heorne-Shimeny-Heoli (Bell-type) inequailiiy (Heredecki, 1995)
Bp)=2vVA +42 <2. ﬁlj(ﬁ):Tr[ﬁ’ 0 ® (}i]a 24/25



Quantum entanglement between spins in magnetic systems
- fheorefically accessible via denstiy mafrix

- bipariite entfanglement persisis up to temperatures
proportional to the exchange coupling J/k

- gffect of femperaiure and magnefic field

- experimentally accessible through measurements
1. zero field: susceptibility, specific heat

2. non-zero field: plus magnetization
3. local probes (INS, NMR)

Open and challenging prolblems:

- Beyond small spin clusters and chains ???

- Itinerant magnetism - fermionic entanglement ???
- multipartite entanglement ???

- technological applications ???
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