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Theory Experiment

\ Numerical /

simulations

Numerical methods (in terms of Tensor Networks)

s DMRG Density Matrix Renormalization Group

s CTMRG Corner Transfer Matrix Renormalization Group
s MPS Matrix Product States

s TEBD Time Evolving Block Decimation

s HOTRG Higher-Order Tensor Renormalization Group
s TPVF Tensor Product Variational Formulation
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MERA Multi-scale Entanglement Renormalization Ansatz
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Entanglement Entropy
(What else is it good for?)

H|¢n> = En|¢n>r n=20,12,..
pa =Trg{|[Yo(4, B))po(4 B)|}

S = —Tr(pjlog,(py)) =0

Area law
Many-body Hilbert space

S ~0A

Area-law states
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Introduction to solving quantum-mechanical problems

» Only a few simple systems are exactly (analytically) solvable!

> The aim is to find out efficient approximations

« either analytically (by pen and heaps of paper and time)
e or numerically (by computers and much shorter time)

> If exact solutions exist, they may serve as benchmarks

» Two examples: Let us study two simplest quantum systems numerically
At first, continuous variables has to be discretized.

Discretization: O<x<] — x = iL and i=0,1,2,....N
" N
X—> X, —>i L
| 1
fx)= f(x) =, N R I T R R R R I I T
L L e
Xo X1 Xo



X=X, =i

Jx) = f(x)—= f

Discretization
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A simple example: 1D particle in a box (infinite potential well)

m

[—;——A + V(x)]‘P(x) —EW(x), V(x)= {

0, Osxs<L

oo, otherwise

2m

2

—AW(x) =

EWY(x) let

h*/2m =1

|

W ()-2w () ()

AW (x)=E W(x,), x,.=% and i=0,1.2,..N

! discretized

400
-,

M(x)

N ! i O
- \2 =£ Y (W) 0 L *
(%)
[ W 420 W —F W ] Matrix to be diagonalized to get Ej;
lIIO lp()
2 -1 0 0 O 0
fixed boundary conditions: -1 2 -1 0 O 0 v, ¥,
¥ =W =0 0 -1 2 -1 0 ol Y2 | ¥
periodic boundary conditions: 0 0 -1 2 -l 2 s [=E| Vs
O 0 O -1 2 0
lp—l = \PN+1 =-1 :
0 0 0 0 0 2 || w, W
az N=1 N=1
-~ _ -~ + ,\+ A A ~
H = —ﬁ — z(C] C]+1 + -_|_1Cj) + 2 Cj Cj




Exact solution exists!

For the 1D particle
in the box we get:

2

lp” (X) = Z sin

|

2
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E =—n", n=L12,...
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Wave functions ‘Pn (x)
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¥ (0=@L)  sin(an /L), n=1,2,3,..
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0.4L 0.6L 0.8L Y
X

Relative error € = (E ™m— E exact) / | exact X 100%

Nl g [%] & [%] & [%] & [%]
100 1.978 2.002 2.042 2.098
500 0.399 0.400 0.402 0.404

1 000 0.200 0.200 0.200 0.201
5 000 0.040 0.040 0.040 0.040
10 000 0.020 0.020 0.020 0.020
50 000 0.004 0.004 0.004 0.004




Another simple example: Linear Harmonic Oscillator in 1D

h’ | 2.2 _
[_ - A+ Ema) X }\P(x) =FE W(x)
~AW(x)+x*W(x)=2E" W(x)

—Alp(xi)+(‘xi)2 ql(xi) =2F lP(x")’

W) 2w () + (-

)+(%)2‘I’(%) =2F W(%)

()
2 -1 0 0 0 0 :
-1 2 -1 0 0 0 2° 0 0 O
0 -1 2 -1 0 - 0 01 0 0 0
1 0 0 -1 2 -1 0 |+ 0 00 0 O | W |=E,| ¥,
0O 0 0 -1 2 0 0 001 O v v,
: : 0 0 0 0 2° :
0O 0 0 0 0 p) : w, W,
. N/2 N/2 , N 82
A== Y (&ea+iné)+ Y |26 +(i=4)"|= D(@/d+3) = -+
i=—N/2( 1 l ) i=§/2 ( ’ ) 2( i ) ax-



(E =(n+2)

~

n=012,..
Exact solution exists: 5 .
Hermite pol o/ Y (x) = : : exp T (-1 exp(xz)—d [exp(— x"')]
ermite polynornials n m \/; 7 \ dx” ;
K Hn(x) /
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Numerical efficiency when diagonalizing matrices
DMRG: developed to reach a controlled accuracy of exact diagonalization

» Single-particle problem Size Matrix dimension of Hamiltonian
N Exact diagonalization Bl\Y| €
10 10 4
100 100 4
1000 1000 4
10000 10 000 4
» Many-body problem
Lattice Estimated memory consumption in a computer
size The model
L Exact diagonalization DMRG
10 1 MB ~1 MB
100 1050 GB =~ 100 MB Heisenberg model
1000 10600 GB =1 GB
10 1GB <8 MB
100 10100 GB ~1GB Hubbard model
1000 101200 GB =10 GB




Schrédinger equation
(for a single patrticle in 3D)

ihZ W7, 1)) = [—h—zvz + V(r t)] [P (7 1))
ot ’ 2m ’ ’

Time-independent Schrédinger equation
(for N particles in one-dimension)

N
W ar
Z - Zm axz + V(x1; xz; -.-;xN)] |LIJ—n(x1, xz, ""xN)> = Enll.ljn(xl’ xz, '";xN)>

Time-independent Schrédinger equation in second quantization
(for N interacting particles in one-dimension)

=) N N-1

0

‘ o
—
=1

-lr-/l(r/)/z/ — E/! ‘(/‘)/4/



Can we prepare an entangled state(?!)

H=-J(ST®SF+S5{ @S +S{@55) =| o

Diagonalize the 4 x4 Hamiltonian matrix H|¢p,) = E,|¢p,), n=0123

|bo) =() |61) =%(

S OO K

0 O
0O —J 0 0
—J 0




Reduced density matrix

Let us start by finding spectrum of energies E,, and the corresponding
eigenstates |y,,) of a given Hamiltonian (that is how the QM works)

H|¢n> — En|¢n>

% Reduced density matrix in a pure state p’' = Tr,,,,(|¥o){WPol|)
 Reduced density matrix in a mixed state p'"' = Tr,,,,(3; cjlY;{;l)

> What is the reduced density matrix typically good for?
v To obtain expectation (mean) values of operators (A,) = Tr (A.p")

v Quantum entanglement von Neumann entropy S = —Tr(p’ log,(p"))

> Reduced density matrix (detail): p; = Tr.|Yo(s, e)){WPo(s, e)|
v' System interacts with environment

v Entanglement entropy S, =S, = —Tre(p; log, (p’e))




Information inside the reduced density matrix

The reduced density matrix completely describes a subsystem (in contact with environment).
Properties of the entanglement entropy:

S = —Trs(pslogzps) =0
If the reduced density matrix is diagonalized U*p; U = Q,

the eigenvalues sorted in descending orderare: w;, > w, > w; = .. = wy

U'p. U=Q=

v" No entanglement: w;=1 w; =0, Vj >1 :
v Weak entanglement. w; < exp(—pj) W,
v’ Strong entanglement: w, « ;¢




Tr (p log,p)

Entanglement entropy §

Entanglement entropy for quantum spin system S=—Tr(p'log, p’)
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Singular values d;

Decay of the singular values (Schmidt coefficients) dE

3 @ = S=—Tr(p'log; p")
o = - > dlog, d?
— (@)

o) 3
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Comparison between the thermodynamic entropy and entanglement entropy
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Mdadrix Product State
SVD and Entanglement




Tensor Network is a Tensor Product State
(and it's like playing a Tetris game...)

scalar 7 matrix

O scalar —O vector y A — O A PR— O

—O— matrix rank-3 tensor vector V tensor
o
o — Ty —— —O:

A B
o—O i



Tensor Network is a Tensor Product State
(and it's like playing a Tetris game...)




Tensor Network is a Tensor Product State
(and it's like playing a Tetris game...)

i i i i W 1D state |¢)

2D state |¢)

S
S S - -

For open/fixed For periodic
boundary conditions boundary conditions

(it is a torus!)



Tensor Network is a Tensor Product State
(and it's like playing a Tetris game...)

2D Tensor Network
for
Corner Transfer Matrix
Renormalization Group

@

DC,
C C
C C
reduced C C reduced
— # P density — ¢ p density
matrix ¢ matrix
¢ C



Tensor Network is a Tensor Product State
(and it's like playing a Tetris game...)

If studying quantum
(topological) phases

(imaginary) time evolution




For more datails, read the outstanding review

by Roman Orus

Annals of Physics 349 (2014) 117-158

Contents lists available at ScienceDirect

Annals of Physics

journal homepage: www.elsevier.com/locate/aop

A practical introduction to tensor networks:

Matrix product states and projected entangled
pair states

Roman Orts*

Institute of Physics, Johannes Gutenberg University, 55099 Mainz, Germany
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Matrix diagonalization Sinqular value decomposition

M a square matrix (nxn) (Schmidt decomposition)
M is a rectangular matrix (nxm)

M =UDU?

M = UDU™ (if Hermitian) M =UDV™

Utu =1 Utu =v*y =1




Decomposing a vector |y) into the product of two matrices A and B

|l/)> lelpljll]> ZL]Zf l€B€]|U> ZUfo’UlEDEE’ f’]|l1>

Vi Aig= Ui \[Deg = D&V,
XXX
\ Y ) \ Y J
I J A;z is a matrix (nxk)
Yy, is a matrix (nxm) Bej is @ matrix (kxm)
i=012..,2" j=012..,2™" k = min(n, m)
a a a a a a
a, a, a; a, as dg J 2 3 iy S 6 a; a
The case of L=6 |II-‘> = bbb = 2 i i i i i i Wwhere (A )g,_,g T
[
¥ s 8 & &5 & & & 5o &
MPS (SVD)
decomposmon a - .
|‘~P> - a;a ‘lpa,aza3a4a5a6 ala2a3a4a5a6 - . aza §z§ §o§| §1§2 )§2§3 (A4 )5354 (A5)§4§5 (A )§5§6 a3a4a5a6>
192 *dg 14286 Sp***S6
/ e » P
= 4 = 5 = P = a 2 =
qjalazasawsas - lpa‘zamasa«, . ; U’G'll \S§|I (V )a203a4a5a6 _2_ “3“«:"5“6 ; 52-1 U ‘S (V )03040506 B
vector (1x26) matrix (2x25) : (A,) \p§l M : n,p§| : ? (AZ) 55 \.p§2

aya3aqas
ayazaqasag ( reshaped) azagasag



Singular Value Decomposition (Schmidt decomposition)

of a mxn rectangular matrix M is the following decomposition:
[M =US Vﬂ

U is a unitary mxm square matrix
S is a diagonal mxn rectangular matrix (with non-negative real numbers)

V is a unitary nxn square matrix (V* is conjugate transpose of 1)
and U"U = V'V =1. Let k= min(m,n)

The decomposition of a eigenstate ¥, (Schmidt decomposition) onto the
product of two matrices A, and A,:

U>=2ZW:|i>|j> system Ag environment A,
m
Analytically:

— al 20112 4,441 Yymy/+ m
W (a:as5 010,01 13015000, ) = P 2 U, D e

App4ys--ag SVD




MPS (SVD)
decomposmon

Ilp> 2 a,aza3a4asa(, ala2a3a4a5a6 2 2 §0§| §l§ );2.53 (A4 );:‘54 (A5 );jgs (A )2256

aay a(, a\ay-+-ag 56

a,0,0,0,a50; )




Singular values d;

Decay of the singular values (Schmidt coefficients) dE

3 GD = S=—Tr(p'log; p")
o = - > dlog, d?
— (@)

o) 3
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Singular values d;

Decay of the singular values (Schmidt coefficients) dE

[E
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Singular values d;
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More details on singular value decomposition in 1D chain of 6 spins




o 5
ORFS
OIS

The case of L=6 |‘P> = O0—0O

a, a a a G a3 4 ag “
- 06 =E i i i i i i where (Al.),g_' s = T
i-150
vy §a &

MPS (SVD)

decomposition a a a a

= Ape (A), () (A (
2 E( ! 2 3 g \T 4 gg, \ T3

a,a,a,a,4a50q

aay--ag 55

| I >_ E : I a)a,A30,4a50¢
[N ——

ayay-ag
mi ](dima,. )_ I mi (dimu:EI, )_ 2
i = 1 1 i =
reshape SVD dima,az...aq - 2 svD 2 dimas...aq -
a, a @& T\ a a,§ a g o T\%2
= = Us Ss(v =) (A). W = A u:z SV =
aja,axa,asag aya30,4a5a, & M§ e & a3a,asa, 3 & & diaea
‘e o~ 24344%5% e T oN—_— P b - — 344%5%6
- ~— &el e —— " &l - Eel &yl e .
vector (1x2 ) matrix (2x2 ) ( 1).__.] wél aa3040506 ( 2)E|Ea &
: apazagasag (reshaped) 5152 ajagasag
. (dimay&, 3
min| . "3920 =D 2
2! 22 , 2! 22 ( ima,asa 192 93 ,
22 s 2y 2 dimayasag & 227 2 _SVD
‘ZZMVMYQV% E (A):(4): U%%ﬁq“ = EMﬁunAﬁ “s o
= & 2 ) e = " . E E = . g . =
g “/15&  Wdsh g 2/gs, >3 °3 ayasag 17g 2 /g8 358 45
&i=1&=1 & &=15,=I &=l 5 S  §=15=1§=I £
17252 Wy 17292 : (45)8 - 1719250 53 Wi
azagasag »‘)525‘ 3 agasag
(reshaped) 444596 (reshaped)
2 A3 A2
2 22 .
= a - SVD
4 assy

- (dimay&s,| 42
mln(dim asag )_2 . 2l 22 9
S4 a a, a
2 E (Al )5, (A2 )sls, (A3 )5,5, (A4 )5‘;:4 ag
1 e “-. N s
séa
asag

(reshaped)

Hl 2 53
[ ay a.E E T
R 453 o4
( > UsesE(v
- - asda,
— 5d6
Wy " §=l15=1E

- §
&=15,=15=I &= A Y
Wl wit,
. [dimasEy,\ 41
SVD 2l 22 93 92 m'"(dimu,, =2
a, ay ay ay a<& E, T S5
- SI(A) (A (A (A, Y UsssE(v!) =
Si SI152 756853 5354 >3 5 ag
Es=1 N e/
Ss as
As)eoe & a
(As)zzes wta(a)

§o=1§=15,=15=18,=1&5=1&=
(p<2**Y D D D D D D D
a a, a; a as ag
= D222 D DA () (A (AL (A2 (40
S051 S152 "S53 5354 5455 5556
£ £



MPS (SVD)
lle‘L omposition

For any finite L W)= 2 ¥, . |aaa) 2 E | | §i|ala2'”aL>
aay---ay, aay---ap §--&; =1
20 Hl pL2-1 gLz HLI2-I 20 (D<<2”) D L
-2 EE 2 22" 21_[ pelaca) = 3 3 [](A) laaa)
ayay-ap Eg=1&5=1 & p =1 & p=1 & =l =1 i=l ayay--ap Ey--&p i=

2  Heisenberg,

Note that dlm{(A)" 4  Hubbard
uoobard.

E E
Si-19i

}=qD2, where ,e.g., q={

Consider spinless electrons on a linear chain with a finite length L divided into two parts with sizes k and L — k, where (1 < k

< L-1). We show that von Neumann entanglement entropies S, s and S,,, for both of the chains are identical for a fixed k.

a a a a a a a a a a
[ B S =
) ds  ds 7 4g 9 10 Oy T;;m|lP><‘P| 21}1 v
O Oo—0O——=O0 S =-Tr lo
” def sys p sys g y) p sys
aer . — | env env env
‘alaz v .ak'(’>.\1\n\‘/mn = l>.\'\'.\' |al\'+] aL>z'/n'iron/m'ul |‘/>cn\' p“”" \“ |lp><lpl Elp!’qj
2t ol-k 2 K = mm(2A 2k ‘) & oLk
i E T\° | .
w-SSwi 0SS TS s (v, - S S SV = D9, 19,
sys ¢ nv 5 S j SyS§ env Sys§ env
i=l j=I i=l j=I &=l o E=1 =l E-l
S _ J—
diag. - |
matrix |5 >-‘1"»‘ _|§>mw
2Lk m . m m oLk m
+ p)
p-“‘ Tr"“ |qj><‘p| - sys >mv EI:SW |n>x.\n\' n>¢'1w:| - s&t-s'] §>.\'_\'.\' E |§>en\' <T’ env <n|.\'_\'.\' - sst §>s_\'s <§ sys
Jj=1 &=1 n=1 E=l n=1 , Jj=1 E=1
Sy=sy . )
=6;~'~'1
X m L m m 2k
+
p"’" “‘ 22[ s\s env ] ES'I Sys T’>env - E env E|§>xys <T] sys <n env | >un <§ env
i=l &=l n=1 E=1 n=1 + S i=1 &=1
SE=sg —_—
. =0z
Sy, =-Tr, (pm log, p,, ) Es_f log, (sg)
. . &=l
For any fixed k, even if k# L/2, we get =[Sy =S

Son =17, (., 108, P, ) = Es log,( )

&=1
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